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Abstract-An endochronic model is described and shown to lead to elastic as well as plastic behavior
in the limit case of k = t. in contrast to Fazio's claim that the limit case cannot lead to plasticity.
The slope of the stress-strain curve is represented by a fum:tion F(X) whose functional form is
numerically investigated. The study includes straining. unstraining and cyclic straining. The equa
tions of the general form of this model have also been derived.

I. INTRODUCTION

A modified endochronic theory was presented by Valanis (1980). The modification was
based on an intrinsic time defined by a plastic-strain-like tensor, which in the one-dimen
sional case is given by

(I)

where (1 and I: are stress and strain. respectively; Q is the plastie-strain-like quantity; E is
'Young's modulus; and k is a const,lOt parameter having a value between zero and one. In
the case of k == O. the 1980 theory reduces to the earlier theory of Valanis (1971). In the
case of k == I. Valanis (1980) shows that the t9HO theory led to the classical theory of
plusticity with yield surface defined and subjected to u combined isotropic kinemutic strain
h<lrdening rule. The normality condition of the plustic strain rate with respect to the yield
surface was also derived from this theory. The plastic-strain-like increment dQ reduces to
the plastic strain increment dl;P when k == I, and is given by

(2)

In the treatment of the case of k == I. Valanis (1980) cautioned that care must be exercised
in the derivation, otherwise erroneous results might be obtained.

[n a recent puper, Fazio (1989). in a one-dimension'll study of the limit case of the
endochronic theory, claimed that. in the case of k = I. the endochronie theory could only
lead to elastic behavior and that plastic behuvior could not develop according to the 1980
theory. The purpose of this paper is to show that Fazio's claim is not vulid. Furthermore,
additional details for the case of k = I arc presented. The one-dimensional case is first
discussed. and a discussion of the three-dimensional case follows. In this paper, explicit
equations using r number of internal variables huve been derived.

2. ONE-DIMENSIONAL ENDOCHRONIC CONSTITUTIVE EQUATION

Following the 1980 theory, the constitutive equation in the Gibbs formulation (see Wu
and Aboutorabi. 1988) is given by

da '
dl: == '£ + 2: Ci dql

; .. 1
(3)

where q are r number of internal variables. and C; are material constants (see the Appendix
SA. 29,2-A



136 H. C. We and C. KOMARAl(l'l~A~AI(ORS

for additional discussion concerning the Helmholtz and Gibbs formulation). The internal
variables q' may be interpreted as the descriptors for the internal structure of a material
during plastic deformation, and these variables evolve with respect to an intrinsic time ::,
which is used to register the deformation history during deformation. The rate of change
of the internal variables is determined by the current state of stress and internal variables.
In this investigation, a linear evolution equation for the internal variables q' is assumed
such that for each internal variable q',

dq' I-- = -(C,a-F,q') (inot summed),
d:: N,

where N, and F, are material constants.
In order to account for strain-hardening, the intrinsic time:: is scaled by

(4)

(5)

where the function j represents isotropic hardening. The increment of intrinsic time d( is
defined in terms of the plastic-strain-like quantity, so that

d~ = IdQI

or

where d( > O.
By combining (4) and (5) it is obtained that

d" X
tlq' = - I., (C 11- F q') =-~ d~ (i not summed),IN, I I C,

where

C
Xi =j;, (C,a-F,C/') (i not summed).

Therefore, by the substitution of (7) and (8), cqn (3) becomes

da' da [ dcr]
d/: = - + L X, de = - ± X dB - k ---

E i-I E E

where

X= LX,.
i- 1

Equation (10) is further written as

dl1
£[1 ±kXl = de[1 ±X].

This equation provides the basis for the discussion to follow.

(6)

(7)

(8)

(9)

( 10)

( II)

«( 2)
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Fazio (1989). in his eqn (24) (see the Appendix). rewrote the above equation as

with no mention of the condition

I ±kX:I= O.
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(13)

(14)

The condition given by (14) should be satisfied in order for (13) to be valid. Fazio went on
to say that when k = 1. (13) reduces to

dO'
-=E
de

(15)

and has thus arrived at an erroneous conclusion that. in the case of k = I. the endochronic
theory could only lead to elastic behavior and that plastic behavior could not develop. A
careful observation would lead to the result I ± X = O. when k = I. Therefore Fazio. in
fact. dealt with the case of 0/0.

The fact that it is possible to deduce the elastic as well as the plastic behavior from the
1980 theory will now be shown. Eq uation (12) may be rewritten as (13) in the case ofk :1= I.
because in this case (14) is satisfied. But for the case of k = I, (12) should be rewritten as

Thus,

(dr.- ~)(I ±X) = O.

dO'
de- E- = 0 or I ±X= o.

( 16)

(17)

When de - dO'/ E = O. the behavior is clastic and generally X¥- ± I. Hence. the slope of the
stress-strain curve is E. But. when I ±X = 0, i.e. X = ± I. generally de-dO'/E:I= O. and
the slope is not E. In fact, the condition X = ± I with the help of (9) and (II) leads to

r C 2 0' I r CFql
X=I-'---I-'-' =±I.

I_I N; I 11-1 N;

which can then be rewritten as

where

(

r Cl)-I
O'y = I

I_I N,

(18)

(19)

(20)

Note that the first term on the right hand side of (19) represents isotropic hardening and
the second term the kinematic hardening.

By writing (13) as
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dl1
d~ = EF(X)

I+X
F(X) ='j ±U"

(21 )

(22)

the variation of the value of function F(X) may now be investigated. Note that the form
of the isotropic hardening function !(z) affects the value of X. The following expression
used by Wu and Yip (1981) has been used in the present computation:

!(z)=A-(A-I)exp( (Jz). (23)

A hypothetical material with the following material constants: N = 3.64 MPa.
C = 0.54. F = 140 MPa. A = 3.3. f3 = 150 and E = 28000 MPa is now considered to
demonstrate the applicability of the present model (with only one internal variable for
simplicity) and to show the form of the function F(X). This function has been calculated
for k = 0.5. 0.95. and t. and plotted versus X in Fig. I. It is seen from the figure that. for
the cases of k -# I. the value of F(X) changes gradually with X. But. for the case of k = l.
F(X) remains one in the elastic range as X increases; as soon as X reaches one. plastic
deformation occurs and F(X) decreases as the plastic deformation accumulates with X
staying at one.

The step-by-step numerical procedures arc: knowing dl: and the current values of::. (T.

and q. eqn (12) may be used to lind d(T; eqns (I). (23) and (6) can then be used to determine
dQ and dz. and eqn on leads to dq. Thus z. rr. and q can be updated.

In the case of strain-controlled cyclic loading with strain limits of ± I%. the cyclic
stress -strain curve is shown in Fig. 2 for this hypothetical material. The corresponding
F(X) versus X diagram is shown in Fig. l For the case of k = 0.95. and similarly for
k = 0.5. the following seqw.:m:e is followed: ALCDAMFGALCD .... Note that the change
between CD and FG is abrupt; while that between AC and AF is gradual. In the case of
k = I. the following sequence is followed: ABCBAEFEABC .... The change from B to C
and from E to F is gradual; while from C to Band F to E is abrupt. The corresponding
plot for F(X) versus intrinsic time z is shown in Fig. 4. The letters denote corresponding
points in these figures.

k = t

.--..... -----1
·-........~=O.95 I

k~.",1
O-l----------"k-----

\
·1+--- ---,------f"-----"--...,

o 0.5

x
1.5

Fig. I. Function F(.\') for v;trious constant k.
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Fig. 2. One-dimensional cyclic stress-strain curve for a hypothetical material. k = 0.95.
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Fig. 3. Function F(X) for cyclic straining.

3. THE THREE·DIMENSIONAL EQUATIONS

In this paper, the material is assumed to be plastically incompressible. For a discussion
of material subjected to volumetric plastic deformation, the reader is referred to Wu and
Aboutorabi (1988). For plastically incompressible materials, it suffices to consider only the
deviatoric re"ponse.

In the deviatoric response, the internal variables are p", with n = I to r. The deviatoric
strain increment de is expressed in terms of the increments of deviatoric stress ds and
internal variables dp", i.e.

(24)

where C" are material constants and /10 is the shear modulus. The evolution of p" is defined
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Fig. 4. F(x) versus: for cyclic straining. k = 0.95.
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with respect to intrinsic time =. By assuming a linear evolution equation, the rate of change
of p" is given by

(n not summed), (25)

where N", F" arc material constants. A deviatoric strain-like tensor Q is now defined by

dol',}
dQ = de -k .

'I 'I .,-i1o
(26)

where k is again a constant parameter such that 0 ~ k ~ I. Note that when k = I, Q is
equal to the plastic strain cPo An intrinsic time increment d( is now defined as

(27)

which is related to =through the relation given by (5). It will be shown subsequently that
function f represents isotropic hardening. In a strain-controlled test, de,} is a known and
input quantity.

Rewriting eqn (24) as

(28)

this equation together with eqn (25) may be substituted into eqn (26) to yield

dQ,} = (I-k)delj+k L en dp7)
"_ I

(29)

or

dQtj = 'X,} + Pi; d= (30)

where



Endochronic theory

~;j = (I-k)delj
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(31)

(32)

Finally, by substituting eqns (5) and (30) into (27), the following quadratic equation is
obtained:

where

p = P,jP;j-F

Q = 2~ljPij

(33)

(34)

(35)

(36)

The functions P, Qand R are defined in terms of the constants of the model and increments
of input variables. When d= is solved in eqn (33), eqn (25) can be used to obtain dp7,. By
substitution, the deviatoric stress increment ds;) can then be found from eqn (28).

In the case of k = I, eqns (31), (35) and (36) give (J.;j = R = Q = O. Thus, eqn (33) is
reduced to P d=2 = O. The condition d= = 0 is associated with the elastic state, while the
condition d= i' 0 is associated with the plastic state. Hence, in the plastic state, P must be
equal to zero and eqn (34) leads to

where

and

_ ( , cncn)-I
Sv - L Nn

n - I

, CnF"
r'l = Sv L ~p~.

,,_ I

(37)

(38)

(39)

Equation (37) is the von Mises yield criterion with combined isotropic-kinematic hardening,
in which f describes the isotropic hardening and rij the kinematic hardening in the deviatoric
behavior. S,. is the initial yield stress. From eqns (30), (32), (38) and (39), the plastic strain
increment is now given by

(40)

which is normal to the deviatoric yield surface as is seen by comparing with (37).

4. CONCLUDING REMARKS

It has been shown in this paper that. in contrary to Fazio's claim, the limit case of the
endochronic theory is capable of describing plastic deformation. The reason that has led
to Fazio's erroneous conclusion has been pointed out.

The slope of the stress-strain curve is represented by the function F(x). The form of
this function has been numerically investigated for the case of straining, unstraining and
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cyclic straining. For mathematical simplicity. this calculation has been performed based on
the assumption that only one internal state variable is important.

Endochronic equations for the general case using r number of internal variables have
also been derived. The derivation is based on the Gibbs formulation. It has been shown
that. for the limit case of k = 1. the equations reduce to the von Mises yield criterion with
combined isotropic-kinematic hardening and that the plastic strain rate obeys the normality
rule. in agreement with results obtained by Valanis (1980) using the Helmholtz formulation.
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!\PPENDI.X

Va Ian is (1')75) showed that the Ildmhollz aml the Gihhs forlllul'ltions for the enu('chronic theory arc
equivalent. Both forms have sil1l:e heen used in numerous appli,·alions. In the Ildmholtz formulation. the
constitutive equation 1Il"y he expressed in an integral fonn with the kernd function given hy r exponential terms.
It has heen demonstrated that only one or two exponential terms arc sunkient in achieving agreement with
e.,perilllental data. This simplitkation is not eqUIvalent though 10 usinl; only one or two internal varia hies as In
Fazio (I'lX'l). hen though It is theoretic.dly admisslhle. the lalter approach may not correctly tkscnhe the
experilllent.d stress strain response unless demonstrated. On the other hand in the Gihhs formulation. Wu and
Ahoutor.",i (I'lXX) and Wu cl al. (1'1'/0) have shown that only one or two internal vari'lhles are sullicient in
ohtaining reasonahle agreement with experimental results. This is the reason that the Gihhs formulation is uSl:d
in this paper.

In I:azio (l'IX'l). which IS has"d on the I klmholll formulation. th" "quati("l h"fore his (:!4) should read

where i.. I', anu E. hav" heen dclined m lhat paper. This equation was wrillen hy Fa/;" as

.[1:'.. I .t I'i.( I:' . t - (J') ]
c!(J' = Ie". '. ,Ii:.

l: .. J.t k I'I.(/:,t' - (J').

Note that eqn (A2) is (:!4) in Fazio (19X9). In the cas" that

E,J±kPi.(E,,;-a) 1'0, withk = I,

(A2) kaus to an dastie slope as in Fazio (1989). However. in the cas" of

EJikPi.(E,I:-a) = 0, with k = 1

(A2) leads 10 plastic behavior which was neglecteu by Fazio. In fact, (A4) can he rewritten as

(AI)

I A:!)

(AJ)

(A4)

(A5)

whi"h describ"s plastic uef"rmation as pr"ui"teu by Fazio's modd. Equation (A5) uoes not provlue a good
description of the exp"rimental stress strain response uu" to the reason given in the beginning paragraph of this
Appendix. More internal variahles are neeueu in Fazio's approach.

Fin.dly. eqn (60) of Fazio (1'lX'l) reaus

(A6)

where I' and IJ, are constants detined in that paper. The functIOns n, arc related to the evolution of int"rnal
variahles q'. Fazio was correct in pointing out that this "quation signifies a constraint condition placed on the
l:ndochronic moud. In fact. this equation is precisely the constitutive equation which governs the plastiC behaVIOr.
In the case that th" n,s are linear in a and 'I' as in eqn (4). (A6) is redu"ed to (27), whi"h is the condition of
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X=: ±I discussed in Section 2 of this paper. While Fazio recognized the importance of the condition of X = ±I
in his eqn (60). he did not apply this condition in the discussion of his eqn (24). The ± sign appearing in (A6)
merely distin8J.Iishes straining from unstraining. The fact that (27) correctly describes the straining. unstraining.
and cyclic behavior is demonstrated in Fig. 2.


